
Describing and assessing the relationship between variables is very important in biological research. When we are dealing with two numerical variables and assume a mechanistic causal relationship is present, we can use linear regression to measure their association and to model a line that describes their relationship.

PART 1: Getting Started
When we consider a causal or mechanistic relationship between two numerical variables, we attempt to use linear regression. When we specify the relationships:

1) One variable is the response variable, denoted by y. This variable is also called the ________________Dependent_____________________ variable.

2) The other variable is an explanatory variable, denoted by x. It is the variable that is thought to explain the changes we see in the response variable. The explanatory variable is also called the ____________Independent_________________________ variable.

3) The first step in examining the relationship is to determine whether the response variable is normally distributed. To do so we can use the combination of plots such as _____histogram_____ and _________QQ plot____, and an analytical test such as the _________Shapiro Wilks test___ which tests the null hypothesis that the variable’s values are drawn from a normal distribution.

4) Assuming the response variable is normally distributed or reasonably approximates normal, the next step is to make a Y by X figure known as a ______Scatter plot_____ to display the relationship. We will look for an overall linear or elliptical pattern and note whether there is a serious departure from this overall pattern.

If a linear relationship appears to be reasonable from the scatterplot, we will take the next step of fitting a model to derive the equation of a line that summarizes the relationship. The resulting equation may be used for predicting the values of the response variable in relation to values of the explanatory variable. If certain assumptions hold, we can assess the significance of the linear relationship and make some confidence intervals for our estimations and predictions.

5) Let's begin with an example: How well does the size of a restaurant bill predict the tip the server receives? Below are the bills and tips from six different restaurant visits in dollars.
	Bill
	41
	98
	25
	85
	50
	73

	Tip
	8
	17
	4
	12
	5
	14


Response (dependent) variable y =  Tip	.
Explanatory (independent) variable x =  Bill	.
6) Examine the data graphically with a scatterplot.
Add the points and a hypothetical line of fit to the scatterplot below:



Interpret the scatterplot—RECORD YOUR RESPONSES:
· Overall form: is the pattern closer to a straight line or a curve?
The pattern is closer to a straight line
· Direction of association: is the relationship positive or negative?
The pattern shows a positive relationship
· Strength of association: how much do the points vary around the potential line of fit?
The points are tightly distributed around the line potential line of fit
· Deviations from the overall form: are there obvious outliers?
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No, there are no obvious    outliers.
PART 2: Linear relationships and the regression line
Regression analysis is used to examine the relationship between two numeric variables. A key element is the estimation of an equation that describes how, on average, the response variable is related to the explanatory variables. This equation can then be used to make predictions. The simplest kind of relationship between two variables is a straight line, the analysis in this case is called “linear regression”.

The regression line:
Remember the equation of a line? In statistics we denote the regression line as y = mx +b, but use the following symbols:
      y = the response variable value in relation to the following coefficients.
      a = the y-intercept value; this coefficient tells us how far from 0,0 your line sits on the y-axis.
      b = the slope of the line; this coefficient measures how much y changes per unit change in a.

This line will be the one that is “closest” to all of the data points, which is referred to as the “best fitting” line. What do we mean by best?
The line that minimizes the residuals

7) One measure of how good a line fits is to look at the “observed errors” which are also known as __________Residuals____________.

[bookmark: _Hlk87260346]So we want to choose the line for which the sum of squares of the observed errors (the sum of squared residuals) is the least. This often means that no individual points contact the line,  but they can if the best location crosses through them.





To find this estimated regression line for our data by hand, it is easier if we set up a calculation table. By filling in this table and computing the column totals, we will have all of the main summaries needed to perform a complete linear regression analysis. Note that here we have n = 6 observations. The first five rows have been completed for you. Finish the last row and then move to calculating the slope and intercept values.
	x = bill
	y = tip
	x - x̅
	(x - x̅)2
	(x - x̅)y
	y – ȳ 
	(y – ȳ) 2
	(x - x̅)( y – ȳ)

	41
	8
	41–62 = -­‐21
	(-­‐21)2 = 441
	(-­‐21)(8)= -­‐168
	8–10 = -­‐2
	(-­‐2)2 = 4
	-21*-2 = 42

	98
	17
	98–62 = 36
	(36)2 = 1296
	(36)(17)= 612
	17–10 = 7
	(7)2 = 49
	36*7 = 252

	25
	4
	25–62 = -37
	(--37)2 = 1369
	(-­‐37)(4)= -­‐148
	4–10 = -­‐6
	(-­‐6)2 = 36
	-37*-6 = 222

	85
	12
	85–62 = 23
	(23)2 = 529
	(23)(12)= 276
	12–10 = 2
	(2)2 = 4
	23*2 = 46

	50
	5
	50–62 = -­‐12
	(-­‐12)2 = 144
	(-­‐12)(5)= -­‐60
	5–10 = -­‐5
	(-­‐5)2 = 25
	-12*-5 = 60

	73
	14
	73-62 = 11
	(11)2 = 121
	(11)(14)= 154
	14-10 = 4
	(4)2 = 16
	11*4 = 44

	372
	60
	140
	3900
	1418
	26
	134
	666


x̅ = 372/6 = 62					ȳ = 60/6 = 10
[image: ]
The slope of the regression line is found using the formula:
8) Calculate the slope value to 4 decimals (round your value:
0.1708
Using our slope value, finding the intercept in rather straightforward. The line of fit will always pass through the point of the means (x̅, ȳ). So we know the following equation must be true and use it to calculate the y-intercept value by inserting our known values:  ȳ = a + b x̅
9) Calculate the Y-intercept value:
Intercept =0.5877
10) What is your regression line equation?
Y = -0.5877+0.1708x 
11) Use your equation to predict the tip for a dinner guest who had a $50 bill.

7.9523
From the table data, we can see that our 5th dinner guest in the sample had a bill of $50 and tipped $5. We can find the residual for this 5th observation by using the value you calculated in question 11, which is the predicted value of Ŷ or Ŷ5 where ‘y-hat sub 5’ indicates the expected value of the 5th observation. The formula is: Residual (aka, e5) = Y5 - Ŷ5

12) Use this formula to calculate the residual for observation 5 in our data set.
 = 5 - 7.9508
residual =  -2.9508
The residuals:
You found the residual for one observation. You could compute the residual for each observation. The following table shows each residual. These values will differ from yours slightly because of our rounding of the slope value to 4 decimal places.

	
x = bill
	
y = tip
	predicted values
𝑦̂ = −0.5877 + 0.17077(𝑥)
	residuals
e = y - yˆ
	Squared residuals
(e)2 = (y - yˆ)2

	41
	8
	6.41
	1.59
	2.52

	98
	17
	16.15
	0.85
	0.72

	25
	4
	3.68
	0.32
	0.10

	85
	12
	13.93
	-­‐1.93
	3.73

	50
	5
	7.95
	-­‐2.95
	8.70

	73
	14
	11.88
	2.12
	4.49


PART 3: Measuring the strength of association between numerical variables
13) SSE = sum of squared errors (or residuals); we sum the last column in the above table to get this value. If we return to our first calculation table and sum the column which contains (y – ȳ)2 this value is the SStotal (SST) for the analysis. Using the SSE and the SST values we can then calculate the R2 value for our regression as: R2 = (SST – SSE) / SST
R2=(134-20.26769)/134= 0.8488

14) The R2 value is a metric of determination describing how much change in the ___dependent___ variable is caused by the __independent__ variable. The value of R2 ranges from _0.0__ to _1.0___ and the magnitude of the R2 value indicates  _________the goodness of fit of the regression model ____.

Bill size vs trend
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